We present a formalism for cold and ultracold atom-diatom chemical reactions that combines a quantum close-coupling method at short-range with quantum defect theory at long-range. The method yields full state-to-state rovibrationally resolved cross sections as in standard close-coupling (CC) calculations but at a considerably less computational expense. This hybrid approach exploits the simplicity of MQDT while treating the short-range interaction explicitly using quantum CC calculations. The method, demonstrated for D+H 2 → HD+H collisions with rovibrational quantum state resolution of the HD product, is shown to be accurate for a wide range of collision energies and initial conditions. The hybrid CC-MQDT formalism may provide an alternative approach to full CC calculations for cold and ultracold reactions.
I. INTRODUCTION
As a potentially sensitive probe of chemical reaction dynamics, ultracold molecules show great promise. In gaseous molecular samples whose temperature drops well below the milliKelvin range, collision cross sections are no longer thermally averaged over a range of impact parameters (more properly, partial waves). This circumstance raises the possibility of preparing reactants in individual quantum states of relative motion as well as internal states. Ultracold molecules can moreover be manipulated using electric, magnetic, optical, and microwave fields, extending the reach of state preparation and therefore in principle the detail with which collision experiments can probe reactions [1] [2] [3] [4] [5] .
This kind of control has been demonstrated in a prototype experiment, involving KRb molecules [6, 7] . In this case reaction rates were tuned by orders of magnitude by exploiting quantum statistics of the molecules, the influence of electric fields, and confinement to optical lattices. In all cases, the key ingredient to controlling the kinematics of the reactants lay in the manipulation of long-range forces between them. This aspect of control distinguishes long-range physics, where control is applied, from short-range physics, where the chemistry actually occurs. For this reason, theoretical approaches that seek to understand controlled ultracold chemistry would do well to address the short-and long-range physics separately, yet be able to weld them together.
While quantum close coupling (CC) calculations can handle this disparity in energy scales in principle, the computations become impractically large when all the relevant quantum states and external field effects are included. As a result, the vast majority of CC calculations of ultracold reactions (both barrier and barrierless) reported so far have been restricted to field-free cases without the inclusion of spin and hyperfine splitting [1] [2] [3] [4] [5] [8] [9] [10] [11] [12] [13] . Though the theory of chemical reactions for an atom-diatom system in external fields has been and evaluating this connection procedure is a main goal of the present paper. Note that in reactive channels, in which large translational energy ( 1mK) is released, the long-range wave functions are again indifferent to the mK energy scale of reactants. For this reason, the full MQDT theory need be applied only in the ultracold reactant channels, where the energy sensitivity resides.
In a previous paper [38] , we described a hybrid close-coupling MQDT approach for nonreactive scattering in molecule-molecule collisions. Here, we extend the formalism to reactive scattering. The paper is organized as follows. In Section II we describe the theoretical formalism. A brief review of the hyperspherical approach for reactive scattering is presented first to introduce the key terminologies and quantities necessary to describe reactive scattering. For ease of implementation we use the hyperspherical approach implemented in the ABC reactive scattering code [39] . This also enables the interested users to easily implement the formalism into the ABC code as it is widely used and publicly available. The MQDT formalism is described in Section IIB. In Section III we discuss the numerical implementation of the approach to the benchmark D+H 2 (v, j) → HD(v , j )+H reaction with full resolution of the HD product rovibrational quantum states. Conclusions are presented in Section IV.
II. THEORY A. Coupled-channel formulation of reactive scattering
We provide a brief review of the CC formalism for reactive scattering within the Delves hyperspherical coordinate (DC) system [34] . Our discussion of the reactive scattering formalism follows closely the description given by Pack and Parker [35] and Tscherbul and Krems [14] .
The hyperspherical coordinates for three-particle systems involve three internal coordinates (hyperradius ρ and two hyperangles) and three external coordinates (three Euler angles). In an atom-diatom system, such as A+BC, there are three arrangement channels corresponding to A+BC, AB+C and AC+B atom-diatom combinations. These three arrangement channels are denoted by the index τ in our notation. The hyperradius ρ and hyperangle θ τ in DC can be written in terms of two mass-scaled Jacobi distances (S τ , s τ ) through a polar transformation:
(1)
where S τ and s τ are, respectively, the atom-diatom center-of-mass distance and internuclear separation of the diatom for a given atom-diatom arrangement. These two coordinates along with, γ τ , the angle between the vectors S τ and s τ , form the three internal coordinates in the DC system. The three Euler angles, α, β, η form the external coordinates.
The Hamiltonian for the atom-diatom system in DC can be expressed as [35] 
where µ is the three-body reduced mass given by µ =
. The second term of eq.(3),Ĥ ad (ρ) is the adiabatic Hamiltonian for the surface functions and is expressed aŝ
whereˆ τ is the orbital angular momentum due to end-over-end rotation of the atom-diatom system, V is the total potential energy and V τ is the diatomic interaction potential when one atom is far from the other two atoms within an arrangement. The last term in eq.(4), the molecular Hamiltonian for a given diatomic fragment is given bŷ
where j τ is the rotational angular momentum of the diatomic species in the arrangement channel τ .
An adiabatic approach is used to solve the Schrödinger equation in hyperspherical coordinates. This involves partitioning the hyperradius into a large number of sectors, and within each sector, diagonalizing the HamiltonianĤ ad in the remaining degrees of freedom:
where n = 1, 2, . . . , N , and N is the total number of adiabatic states retained in the calculation. In the limit ρ → ∞, each index n correlates to a set {τ, v, j, } denoting vibrational (v), rotational (j), and orbital angular momentum ( ) quantum numbers within each arrangement channel, τ . This yields the surface functions Φ JM n (ω; ρ), where ω collectively denotes the two hyperangles (internal angles θ τ and γ τ ) and the corresponding eigenvalues (adiabatic energies n (ρ)). The quantum numbers J and M specify the total angular momentum ( J = j + ) and its projection on a space-fixed (SF) axis. The ρ dependence of the adiabatic energies arises from the parametric dependence of the adiabatic Hamiltonian on ρ. Note thatĤ ad (ρ) is the Hamiltonian operator for the three-body system without the radial kinetic energy operator.
To make the computation of the surface functions numerically efficient, they are further expanded [39] in terms of primitive orthonormal basis sets ξ m (ω; ρ) for a given J and M :
where F mn (ρ) are the expansion coefficients and
The quantities σ m and X τ vj ,m in the above equation between the different arrangement channels at small ρ, a canonical orthogonalization of the basis, as given by Eq. (7), via the overlap matrix O is required to construct the appropriate orthogonal primitive basis sets between different τ [14] . The vibrational wave functions,
, and the corresponding eigenenergies, τ vj , of the diatomic species are solutions of the eigenvalue problem involving the molecular Hamiltonian carried out at each value of the hyperradius:
Note that in the asymptotic limit, the adiabatic energies n (ρ) coincide with the eigenenergies 
with the matrix elements,
where P and Q are derivative coupling matrices that account for the action of the hyperradial kinetic energy −(h 2 /2µρ 5 )∂/∂ρ(ρ 5 ∂/∂ρ) on the ρ-dependent adiabatic basis functions. Note that Eq. (10) is written for a given sector, within which the surface functions Φ JM n (ω; ρ) are assumed to be independent of ρ. Therefore, the derivative coupling matrices P and Q are neglected within a sector. However, the adiabatic surface functions Φ JM n (ω; ρ) vary with ρ, and a "sector adiabatic" technique is adopted for radial integration in ρ. By dividing the entire range of ρ into small sectors and enforcing continuity of the radial wavefunctions and their first derivatives at the boundary of each sector, the solutions Γ J n (ρ) are transformed at the boundary between the jth to (j + 1)th sectors using the relationship
where Y denotes the log-derivative matrix Y(ρ j ) = dΓ(ρ j ) dρ j Γ(ρ j ) −1 and the sector-to-sector transformation matrix S(ρ j , ρ j+1 ) is defined in Eq. (A-3) of Appendix-A. The log-derivative matrix is propagated using the diagonal reference potential method of Manolopoulos [40] .
Thus, in the present approach, the reactive scattering problem can be divided into two major steps: (i) solving the eigenvalue problem of Eq. (6) to evaluate the surface functions and adiabatic energies and (ii) propagating the radial equations from a small ρ within the classically forbidden region to a large asymptotic value using Eq. (12). The first step involves In the ABC code [39] , before applying asymptotic boundary conditions, the log-derivative matrix at the last sector in ρ, is transformed from the BF to the SF representation in Delves hyperspherical coordinates. Asymptotic boundary conditions are then applied to the logderivative matrix in SF coordinates (as described in Appendix-B) to evaluate the reactance and the scattering matrices. The scattering matrix is subsequently transformed from SF to BF representation to compute the standard helicity-representation S-matrix [39] . This is because the ABC code is formulated in BF coordinates.
B. CC-MQDT Approach for Matching to Asymptotic Wave Functions
Having constructed the log-derivative matrix in hyperspherical coordinates, the scattering calculation next needs to continue the solution to asymptotically large values of the relative coordinate S τ of the reactants or products. In any form of scattering theory, this is accomplished by using Y as a boundary condition to construct linear combinations of asymptotic wave functions in the coordinate S τ , for values of S τ larger than a convenient matching distance S m . It is assumed that the scattering channels are uncoupled for S τ ≥ S m , whereby the complete wave function is a linear combination of solutions in each channel separately.
This linear combination is conventionally given as
Here,f i andĝ i represent a pair of linearly independent reference functions in each channel, satisfying a Schrödinger equation
where µ is the reduced mass of three-body system as defined earlier, i is their relative partial wave and E c i is the kinetic energy in channel i. The channel index i asymptotically correlates with separated molecule quantum numbers {τ, v, j, }. V lr is the reference potential in the long-range of the form
The detailed procedure for translating the wave function in the form of the log derivative Y in hyperspherical coordinates into an asymptotic function (13) in Jacobi coordinates is given in Appendix-B.
The definition of K sr in (13) is tied naturally to the definition of the reference functions.
In the product channels, the collision energy is sufficiently large that the reference potential V lr is negligible at distances S τ > S m , whereby the reference solutionsf andĝ are taken as the energy-normalized free-particle solutions f and g. Specifically, in open channels these are given in terms of the spherical Riccati-Bessel functions
where
The phase φ i is carefully chosen so as to preserve the linear independence of these functions in the asymptotic limit [25] . These solutions are in turn related to energy-normalized solutions via standard MQDT transformations
where the quantities A and G have standard forms given in Ref. [25] and crucially are smoothly dependent on energy.
Carrying out the resulting matching procedure, using free-particle solutions (15) and (16) in product channels and MQDT solutions (17) and (18) in reactant channels, results in a provisional, short-range K-matrix, denoted K sr . Its main feature in the theory is that it is generally only weakly dependent on energy in the ultracold regime near the reactants'
threshold, as we will show in the examples below. Thus K sr can be interpolated, reducing the number of energies at which the full hyperspherical calculation must be performed. At this point, the exponentially growing closed-channel components are eliminated, following the usual procedures of MQDT [25, 38] to yield a reduced K-matrixK via the equation,
This reduced K-matrix is in turn conveniently rewritten in blocks corresponding to reactant and product channels, asK
There remains only the matter of translating from the reference functionsf i andĝ i into the energy normalized versions f i and g i via eqs. (19) and (20) . In block-matrix form, this gives the transformation matrices
where I is the identity matrix. Making this substitution in the wave function (13) transforms
In block notation, the final expressions for the different blocks of the asymptotic K-matrix become
The symmetry of the resulting K-matrix is illustrated by the following transformation:
where we have used Woodbury's matrix identity to arrive at Eq. (28). In the last step, the additional phase shift η i in each channel, due to propagation in the long-range potentials V lr in each reactant channel, must be incorporated. This leads to the physical scattering matrix
Since our approach is implemented in the ABC code, first we briefly summarize the key steps involved in the computation of reaction probabilities and cross sections using the ABC code. For an incident kinetic energy E c , separate runs of the ABC program are needed for each value of the total angular momentum quantum number J, parity p of the triatomic complex, and a specified value of the diatomic parity q, where q = (−1) j for homonuclear diatomic molecules. Therefore, each triplet {J, p, q} requires a different calculation leading to a parity-adapted scattering matrix, S Jp τ vjΩ→τ v j Ω , where Ω is the projection of J in the BF frame. Once this matrix is evaluated, any observable property of π k 2 τ vjΩ (2j + 1)
is the wave vector with respect to the initial collisional channel. The elastic cross section is obtained as σ
We implemented the above approach for reactive scattering by taking the D+H 2 (v, j) → Asymptotic boundary conditions (i.e., matching to free-particle wave functions) can be applied only when the interaction potential becomes small compared to the collision energy.
In cold and ultracold collisions this requires radial integration of the coupled equations to large values of the hyperradius. For the full CC calculations, converged results are obtained by matching the log-derivative matrix to free particle wave functions at ρ ∞ = 100 a 0 .
However, for the MQDT version, a short-range matching distance S m just outside the region of chemical interaction is used to minimize the computational cost. In this case the CC calculation needs to be performed only up to S m , beyond which the whole multichannel scattering problem is converted into a single channel problem involving a subset of channels (N ) treated by MQDT. This leads to computational effort proportional to N < N (not Waals potential for D+H 2 is about 27 K at S ≈ 6.5 a 0 . As S m increases, the van der Waals well becomes shallower. At about 1 K the collision energy is no longer negligible compared to the well depth. Thus, the MQDT reference functions, defined by Eq. (17) and (18) Regarding the parameters employed in the full CC calculations, stepsize of ∆ρ = 0.01a 0 is adopted for the radial integration. In the ABC code the total number of couple-channels is controlled by the three parameters E max , j max , and Ω max . For a given E max , all channels with asymptotic rovibrational energies τ vj ≤ E max are included, while the parameter j max restricts the number of rotational levels for the different diatomic fragments. Similarly, Ω max (k max in the notation of ABC code) restricts the number of BF projection quantum numbers.
Obviously, Ω max = 0 for J = 0. We have chosen different values of E max for three different ranges of initial vibrational levels of H 2 : for v ≤ 2, E max = 3.5 eV (this leads to v max =7 for H 2 and v max =8 for HD in the basis sets); for 3 ≤ v ≤ 6, E max = 4.25 eV (this includes v max =10 for H 2 and v max =12 for HD) and for v = 7, E max = 4.75 eV (this includes v max =14 for H 2 and v max =17 for HD). However, we have restricted the total number of channels by fixing j max = 8. Thus, the results presented here are only partially converged with respect to the number of rotational levels included in the basis set. Fully converged full CC results using higher rotational levels in the basis set have already been reported by Simbotin et al. [43] using the BKMP2 PES for the D+H 2 reaction for the vibrational levels and energy regimes investigated in this study. Since the aim of this paper is to illustrate the usefulness of the hybrid CC-MQDT formalism for cold and ultracold reactions, we resort to the smaller basis set described above.
C. Rovibrational-state resolution of reaction products
The CC-MQDT approach presented here allows full quantum state resolution of reaction products as in full CC calculations, an aspect missing from previous MQDT treatments of ultracold chemistry. As an illustrative example we choose to study the v = 4, j = 0 initial state of H 2 , which allows for the population of several rovibrational levels of the HD molecule as well as non-reactive quenching, leading to the population of lower vibrational levels of the reactant molecule. The total reaction probability and cross section for J = 0 for this initial For vibrationally excited molecules, the treatment of MQDT is slightly modified in addition to the procedure described in Sec. IIB. For these cases, the MQDT-formalism is only applied to the initial collisional channel and those associated with cold and ultracold energies. Whereas, the other open inelastic (non-reactive) channels characterized by high kinetic energies within the reactant arrangement are treated in the standard way, i.e., these channels are matched to the normal asymptotic Bessel functions. In other words, they are treated like product channels. Thus, the transformations described by Eqs. (23) - (26) 
state to state rotational reaction cross section (a 0
(1) As in other cases, the black curves denote the full CC results; whereas, the red curves depict the MQDT calculation. Again, the agreement is excellent, as it is in the case of vibrational distribution. Any small deviation can be attributed, at least in part, to neglecting the anisotropic contribution to the interaction potential in the construction of the MQDT The rotational level populations of non-reactively scattered H 2 molecules in three highest populated vibrational levels (v = 1, 2 and 3) are presented in Fig.8 . As before, the full CC results are shown by the black curves, and the MQDT-results are shown by the red curves.
Note that only even rotational levels are populated since the calculations are restricted to the even parity states of the H 2 molecule (para-H 2 ). demonstrate that the method is not restricted to the non-rotating case.
IV. CONCLUSIONS
We have presented a formulation of multichannel quantum defect theory that is able to yield full rovibrational level resolved cross sections and rate coefficients for cold and ultra- The method has many attractive features that make it appealing for ultracold chemical reactions. For instance, the short-range K-matrix, evaluated by matching MQDT reference functions to the log-derivative matrix from the close-coupling calculation, is found to be largely energy independent in the 1µK-10 mK regime. This implies that CC calculations need to be performed just at a single collision energy, say 1µK, to evaluate cross sections at all energies between 1µK-10 mK. Since this is the time consuming part of the computation, it leads to significant savings in computational time. For systems with deeper interaction potentials than D+H 2 (which has repulsive interaction at short range and a shallow van der Waals well in the long-range), the energy independence of the short-range K-matrix is expected to be valid over a larger range of energies, allowing one to restrict the CC calculations to a few collision energies in the ultracold to 1-10 K regime. One caveat remains, namely, that the short-range K-matrix may contain resonances from ro-vibrational channels that become closed at radial distances smaller than S m [28] , potentially requiring special handling within MQDT. Such resonances did not occur in the present calculation, however.
Similarly, for open-shell systems with deep potential wells, calculations involving external fields, spin, and hyperfine effects can all be restricted to the MQDT part as energy splitting due to these factors will be many orders of magnitude smaller than the well depth of the interaction potential at short-range.
The application of the method to more complex reactions with deeper potential wells and inclusion of external field effects are planned. The S-matrix, S J is obtained from the K-matrix using the well known Cayley transformation.
It is to be noted that both K J and S J are independent of ρ and the choice of the coordinate systems.
